ON THE HORMANDER CLASSES OF BILINEAR 
PSEUDODIFFERENTIAL OPERATORS II 



ARPAD BENYI, FREDERIC BERNICOT, DIEGO MALDONADO, VIRGINIA NAIBO, 

AND RODOLFO H. TORRES 

Abstract. Boundedness properties for pseudodifferential operators with symbols 
in the bilinear Hormander classes of sufficiently negative order are proved. The 
results are obtained in the scale of Lebesgue spaces and, in some cases, end-point 
estimates involving weak-type spaces and BMO are provided as well. From the 
Lebesgue space estimates, Sobolev ones are then easily obtained using functional 
calculus and interpolation. In addition, it is shown that, in contrast with the linear 
case, operators associated with symbols of order zero may fail to be bounded on 
product of Lebesgue spaces. 



1. Introduction 

In this article we continue the systematic study of the general Hormander classes 
of bilinear pseudodifferential operators BS™ S (see the next section for definitions) 
started in [2]. While the work in [2] focussed mainly on basic properties related to 
the symbolic calculus of the bilinear pseudodifferential operators and some point-wise 
estimates for their kernels, the present work addresses boundedness properties on the 
full scale of Lebesgue spaces. The general properties developed in [2] will become 
very useful in this current work and will allow us to provide a fairly complete range 
of results. 

The literature on bilinear pseudodifferential operators continues to grow and [2] 
gives also a historical account and motivations, as well as numerous references in 
the subject. We would like to reiterate here that most results so far have dealt 
with the cases p — 1 and p = 0. For the first value of p the available boundedness 
and unboundedness results, and other properties of the classes BS® S are similar to 
the ones in the linear situation. They are closely tied to the (bilinear) Calderon- 
Zygmund theory, which was started by Coiman-Meyer in the 70's (see e.g. [13] and 
the references therein) and was further developed by Christ- Journe [11], Kenig-Stein 
[21] and Grafakos- Torres [15]. See also Benyi- Torres [3] and Maldonado-Naibo [23]. 
The value of p = 0, however, produces some surprises and the possible theory deviates 
from the linear situation. In particular the famous Calderon-Villancourt theorem 
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[10] does not hold unless further properties on the symbols in BSq are imposed; see 
Benyi- Torres [4] and Bernicot-Shrivastava [9]. 

One important contribution for other values of p, almost the exception so far, is 
the recent work of Michalowski-Rule-Staubach [24]. Since, for example, the class 
BSq does not map L°° x I? — > L 2 , it was asked in [2] (and some answers were 
provided) about results of the form X x L 2 — )■ L 2 with some functional space X 
smaller than L°° and symbols in BS pS . The question of whether the classes BS pS 
produce operators that are bounded on some product of Lebesgue spaces when < 
5 < p was left unanswered in [2] (recall the keystone result that the linear class 
S pS is bounded on L 2 , as proved by Hormander [17]). Likewise in [24] the authors 
asked about which negative values of m — m(p) produce classes BS™ S for which the 
corresponding bilinear pseudodifferential operators are bounded from L P1 x LP 2 into 
LP with 1/pi + I/P2 = 1/p and 1 < Pi,P2,P < oo. Here, we will expand and improve 
some of the results in [24] in several directions. 

First, we will show that it is very much relevant to look at negative values of m when 
p < 1 because operators with symbols in the classes BS Q s may fail to be bounded on 
any product of Lebesgue spaces. This is proved in Theorem 1 below, thus answering 
in the negative the question left unanswered in [2] . Next we show in Theorem 2 that 
the values of m provided in [24] can be taken much larger (smaller in absolute value). 
We succeed in doing so using kernel estimates and the symbolic calculus from [2] , also 
used in [24] , but adding arguments involving the complex interpolation of the classes 
BS p n 5 . Moreover, bringing back the bilinear Calderon-Zygmund theory for sufficiently 
negative values of m and using further interpolation arguments we also obtain results 
outside the Banach triangle; i.e., for l/p% + I/P2 = l/p 3 but 1/2 < p < 1. We also 
obtain appropriate weak-type end-point estimates at one end and a strong one at 
another. This last is the bilinear analog of a result of C. Fefferman, which was also 
a keystone in the understanding of linear pseudodifferential operators. 

Fefferman [14] showed, in particular, that the linear classes S p0 2 , for < p < 1, 

map L°° — » BMO. The natural conjecture then is that BS p ^ p ^ n should map 
L°° x L°° — > BMO, since often the role of n in the linear case is played by 2n in 
the bilinear setting. We are able to prove this conjecture in Theorem 4 at least for 
< p < 1/2. Though we use some ideas from [14], new technical difficulties not 
present in the linear case need to be overcome. In fact, Fefferman used the result of 
Hormander that operators with symbols in S pS are bounded on L 2 but, as Theorem 1 
establishes, the analogous result for bilinear operators is false. Instead we rely on the 
L 2 x L 2 — » L 2 boundedness of certain classes of symbols as proved in Theorem 3. 

The article is organized as follows. In the next section we include the main defi- 
nitions, some basic properties and the precise statements of the main theorems. We 
also provide some further motivation and applications. The subsequence sections, 
Sections 3-7, contain the detailed proof of each of the main theorems in the order 
we list them, except that a series of technical lemmata used in the proof of Theo- 
rem 4 are postponed until Section 8. Section 9 contains some weighted versions of 
the results. Further remarks about the results and comparisons to other linear and 
bilinear ones are provided throughout the paper as well. Upper-case letters are used 
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to label theorems corresponding to known results while single numbers are used for 
theorems, lemmas and corollaries that are proved in this article. 

Unless otherwise indicated, the underlying space for the functional classes used will 
be Euclidean space W 1 . In particular, L p will stand for L p (IR n ) and W s,p will stand for 
W s ' p (M. n ), the Sobolev space of functions with "s derivatives" in LP . Their respective 
norms will be denoted \\f\\ LP and ■ Finally, S will indicate the Schwartz class 

on R n . 

Throughout the symbol < will be used in inequalities where constants are inde- 
pendent of its left and right hand sides. 

2. Main Results 

Let S, p > and m 6 E. In [17], Hormander introduced the class of symbols S™ s : 
a = a(x,£), x, £ G IR n , belongs to S™ s if for all multi-indices a and (3 

sup \d^d^a{x,0\{l + |£|)- m - 5 H+^l < oo. 



For each symbol o there is an associated linear pseudodifferential operator T a defined 
by 

T a (f)(x)= [ air. Q f(0 <'■'■' tir. f E S, 

where / denotes the Fourier transform of /. 

The bilinear counterpart of S™ s is denoted BS™ S . A bilinear symbol cr(x,£, 77), 
x, £, f] G M. n , belongs to the bilinear Hormander class BS™ S if for all multi-indices 

a, (3 and 7, 

sup \d£dldq<T(x,Z,ri)\(l + ICI + \ v \)- m - s \»\+p(W+h\) < 

x.£,: 



For a G BS™ & and non-negative integers K and N define 

11^^:= sup sup \d:d^a(x,^, V )\(l + |^| + |^|)-™-*H+p(I^I+H). 

l/5|,N<iV 

Then the family of norms {|| • \\K,N}K,NeN turns BS™ S into a Frechet space. 
For a G BS™ S we consider the bilinear pseudodifferential operator defined by 

T„(f,9)(x)-= I [ <y{x,^)f{mv)e ix - { ^ ] did^ f,geS. 
We know proceed to state the new results in this article. 

Theorem 1. Let 0<p<l ; 0<<5<l ; and 1 < p, pi,P2 < 00 such that ^ = i + — . 
There exist symbols in BS° p5 that give rise to unbounded operators from L Pl x LP' 2 
into LP . 

As mentioned in the introduction, the result in Theorem 1 is in contrast with 
the fact that linear pseudodifferential operators of order zero do produce bounded 
operators on L? . The case p = 5 = of Theorem 1 was proved by Benyi and Torres 
in [4]. 
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Theorem 2. Let 0<5<p<l,5<l, 1 < pi,p 2 < oo, p given by ^ = -j- + ^, 

m < m(p 1 ,p 2 ) := n(p - 1) (max{^, i, i, 1 - ±} + max{± - 1,0}) , 

and a G BS™ 5 . 

(i) If p > 1 then there exist K, N G No st/c/i £/iat 

< IMIat.JV II/IIlpi ll^lliw 

for all f G L Pl and g e L p \ 

(ii) IfO < p, p < 1, px 7^ 1 and P2 7^ 1 ^en i/iere exist if, iV G N smc/i £/ia£ 

ll^(/,c/)|| LP < Iklli^jv II/IIlpi IMIl^ 

for all f G L Pl and g G L P2 . 
(m,) If < p, p < 1 and pi = 1 orp 2 — 1 £/ien t/ien i/iere exzsi if, JV 6 N such that 

lp-°° ~ IMI/^iv II/IIlpi IMIz,p2 

/or a// / G L Pl and g eL P2 . 

When p > 1 (Banach case), Theorem 2 improves the results in [24, Theorem 5.5] 
by Michalowski, Rule and Staubach which require m < n(p — l) max{|, (-^- — |), (-^ — 

|), (| — |)}. This improvement is based on the following facts: 

(1) Bilinear pseudodifferential operators with symbols in the classes BS™ S with 
m < n(p — 1) (as opposed to m < |n(p — 1) used in [24]) are bounded from 
L°° x L°° into L°°, with norm bounded by the norm of the symbol (see also 
Remark 4.1). 

(2) Roughly speaking, the intermediate spaces in the complex interpolation of 
two bilinear Hormander classes are other bilinear Hormander classes. 

When p < 1 (non-Banach case), the result of Theorem 2 relies on interpolation 
arguments using boundedness of operators in the Banach case and bilinear Calderon- 
Zygmund theory. 

We remark that the operator T a is a priori defined on S x S. In Theorem 2, T a (f,g) 
for / G L Pl and g G L P2 denotes the "value" given by a bounded extension of the 
operator, which exists and is unique in the cases p\ < oo and p 2 < oo, and is shown 
to exist when p\ = oo or p 2 = oo. 

Theorem 3. If a(x,^,rj), x,£,rj G M n , is a bilinear symbol such that 

C{a):= sup sup \\d?d!?(j(y,£ - -,-)IU 2 < °°> 

l/3|<[f]+i (,ym n 

|a|<2(2n+l) 

then T a maps continuously L 2 x L 2 into L 2 with 

||r o -||i y 2 xL 2_ KC 2 < C(a). 

Theorem 4. If a G i?S'™ p ~ 1) , < p < |, £/ien i/iere exists if, iV G N sitc/i i/iai 
||T ff (/, )|| 
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Theorem 4, which complements the endpoint m = n(p — 1) for pi = p 2 = oo in 
Theorem 2, can be thought of as a bilinear counterpart (when < p < | and 5 = 0) 
to the following linear result proved by C. Fefferman in [14]. 

_ ™ (1 — p) 

Theorem A (Fefferman [14]). If a is a symbol in the linear Hormander class S | 
with < S < p < 1, then T a maps L°° continuously into BMO. 

The proof of Theorem A uses the fact that the linear class S° p 5) < 5 < p < 1, 
maps L 2 continuously into L 2 . The bilinear counterpart of this result is false by 
Theorem 1. Our proof of Theorem 4 relies on Fefferman's ideas and the result given 
by Theorem 3. 

Next, we present a result concerning boundedness properties of bilinear pseudo- 
differential operators on Lebesgue spaces with indices that satisfy the Sobolev scaling, 
as opposed to the Holder scaling employed in the previous theorems. 

Theorem 5. Let < 5 < 1, < p < 1, s G (0, 2n), and m s := 2n(p - 1) - ps. If 
a G BS™ S , m < m s , 1 < pi,p 2 < oo, and q > is given by 1 = i + i — ^, then 
there exist K, N G N such that 

\\Ta(f,g)\\ Lq < \W\\ K ,N II/IIlpi \\9\\ L P2 

for all f G L Pl and g G L P2 . 

We end this section by briefly featuring some remarks, motivations and applications 
in the next three subsections. 

2.1. The operator norm, the number of derivatives, and complex interpola- 
tion of the classes of symbols. Theorems 2 and 5 state that the operator norm of 
T a , as a bounded operator from a product of Lebesgue spaces into another Lebesgue 
space, is controlled by || ct|| for some nonnegative integers K and N. Even though 
this is a consequence of the proof provided in each case, it can be shown to be a 
necessary condition. More precisely, 

Lemma 6. Let < p < oo, 1 < pi,pz < oo, < 5, p < 1 and suppose T a is bounded 
from L Pl x L P2 into L p for all a G BS™ S . Then there exist K, N G N such that 

\\TA < \W\\k,n for all a G BS% S . 

Indeed, Lemma 6 is a consequence of the Closed Graph Theorem. Consider in 
BS™ S the topology induced by the family of norms {|| ■ \\K,N}K,Nm i as defined above, 
which turns BS™ 5 into a Frechet space. If T a is bounded from L P1 x L P2 into L p for 
all cr G BS™c we can define the linear transformation 

U : BS% 3 £(L P1 x L P2 ,L p ), U{a) = T a , 

where C(L P1 x L P2 ,L P ) denotes the quasi-Banach space (Banach space if p > 1) of 
all bilinear bounded operators from L P1 x L P2 into L p endowed with the operator 
quasi-norm (norm if p > 1). If {((Xfc, T ak )}km is a sequence in the graph of U that 
converges to (cr, T), for some a G -65^ and T G C(L Pl x L P2 ,L P ), then it easily 
follows that T(f,g) = T a (f,g) for any f,g <E S(M. n ). Since T CT and T are bilinear 
bounded operators from L Pl x L P2 into L p , by density, we obtain that T = T a . Then 
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the graph of U is closed and therefore, by the closed Graph Theorem, U is continuous 
and the desired result follows. 

In regards to the number of derivates required for the symbols, we remark that the 
following modified versions of the bilinear Hormander classes can be considered: For 
K, N G No, 

BS™ SjKjN := M*,^) G C K > N (R 3n ) : \\a\\ K , N < oo}, 

where C K ' N (M? n ) means derivatives up to order K in x and up to order N in £ and 
77. Then BS™ SKN is a Banach space with norm || • \\k,n that contains BS™ S as a 
dense subset and therefore the results of Theorem 2, 4, and 5 remain true if BS™ 5 is 
replaced with BS™ &KN for appropriate values of K, N G No, possibly depending on 
m, p, and S. We will not pursue in this paper the question regarding the minimum 
number of derivatives needed to achieve the results presented, though some estimates 
can be inferred from the proofs. 

We close this subsection with a result on the complex interpolation of the classes 
BS™ NN which will be useful in the proof of Theorem 2. 

Lemma 7. If mo, mi G R, < p < 1 and m = 9 itlq + (1 — 9) mi for some 9 G (0,1) 
then 

S™° p N N , B S™p N N ) ^ = BS™ p N N . 

Indeed, the lemma follows using the same arguments as in the work of Paivarinta- 
Somersalo [27, Lemma 3.1], where the analogous result for the linear Hormander 
classes is proved. 

2.2. Leibniz-type rules. In terms of applications of the bilinear L p -theory for the 
class BS^, the results in this paper allow for enriched versions of the fractional 
Leibniz rule 

(2.1) \\fg\\ ws , p <C (11/11 

w a ' p i 1 1 y 1 1 LP2 ~ 11 J 11 u>\ 1 1 y 1 1 ) 1 
where s>0, ^ = ^- + ^ and 1 < pi, p 2 < 00 ( see Kato- Ponce [18], Christ- 
Weinstein [12], and Kenig- Ponce- Vega [19]). 

Inequalities of the type (2.1) for pseudodifferential operators T a (f, g) instead of the 
product fg (cr = 1) can be easily obtained following what is by now a well-known 
procedure that uses results going back to Coifman and Meyer and has become part 
of the folklore in the subject. The idea, as already used in [18], is to (smoothly) split 
the symbol into frequency regions where the derivatives can be distributed among the 
functions. See also Semmes [28] and Gulisashvili-Kon [16] where both homogeneous 
and inhomogeneous derivatives were considered in similar fashion. 

Consider a G BS% S and <p G C°°(R) such that < <p < 1, supp(0) C [-2, 2] and 
4>(r) + 4>(l/r) = 1 on [0, 00). For s > 0, the symbols o~i and a 2 given by 

ai(x^ V ) = a(x,tv)t (l^Fff) C 1 + l£lT (m+s))/2 , 
a 2 (x,C,v) = <r(x,t,ri)<l> (1 + MT (m+s))/2 , 
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satisfy ai,a 2 G BS~ S S) and the corresponding operators T a , T ai , and T a2 are related 
through 

T a (f,g) = T ai (J m + s f,g) + T n (f, J m+S g), 
where J m+S denotes the linear Fourier multiplier with symbol (1 + | • | 2 )( m + s )/ 2 . Thus, 
the boundedness properties on Lebesgue spaces of bilinear pseudodifferential opera- 
tors given in Theorems 2 and 5 imply 

(2-2) \\T a (f ), f,geS, 

for appropriate values of p%, p 2 , qi, q2 and s. We refer the reader to Bernicot et al [8] 
for additional Leibniz-type rules. 

In the same spirit, using the functional rule 

d Xi T a (f,g) = T dxia (f,g)+T a (d Xi f,g)+T <T (f,d Xi g), 

the fact that a G BS™ S yields d Xi a G BS™^~ S , and bilinear complex interpolation, 
Theorem 2 and Theorem 5 imply the following corollaries: 

Corollary 8. Let < 5 < p < 1, 5 < 1, 1 < Pi,P2 < oo, p given by - = ~ + A and 
m(pi,p2) as in Theorem 2. If a G BS™ S , m < m(pi,p2) — k5 for some nonnegative 
integer k, and r G [0, k], then there exists K, N G No such that 

\\Ta(f, g) \\yyr,p ^$ IMI/^jV II / II VK r 'f>i llfl , llw r *2 ) 

for all f G W r ^ and g G W r ' P2 . 

Corollary 9. Let < 6 < 1, < p < 1, s G (0, 2n) ; m s = 2n(p — 1) — p as in 
Theorem 5, 1 < p%,p 2 < oo, and q > stzc/i i/iai ^ = ^- + — A . If a E BS™ S , 
m < m s — k5, for some nonnegative integer k, and r G [0,k], then there exists 
K, N G N such that 



II-^oa/j 5 1 ) llw r '9 ~ II^Ha'.v iu iiW'Pi iiyiiiy'' p 2 > 
/or a// / G and a G jy r ' P2 . 

2.3. Applications to the scattering of PDEs. Consider the system of partial 
differential equations for u = u(t, x), v — v(t, x), and w = w(t, x), t G K, x G M n , 

+ a(D)u = vw, u(0, x) = 0, 
5^ + 6(^ = 0, u(0,x) =/(ar), 
<9tw + c(D)w = 0, w;(0, x) = g(x). 

where a(D), b(D) and c(D) are linear multipliers with symbols et(£), 6(£) and c(£), 
^GR", respectively. Then, formally, 

v(t,x)= [ e- iftK) /(()e H '^, w{t,x)= I e-^gfr) e 1 ^ 11 drj, 



and 

w(t,x)w(t,x) = / e- tm+c{v)) f(Og(r])e ixi ^ v) dCdr]. 

JR 2n 

Another formal computation then yields 

u(t,x) = (e- ta ^F(t,.))(x), 
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where 

F(t,x)= [ e sa{D \v(s,-)w(s r ))(x)ds 
Jo 

e s(a(Z+v)-b(S)~c(r,)) ds ^ e ™-(Z+ri) d £ dj] 

Therefore, if the phase function A(£, rf) := a(£ + 77) — &(£) — c(ri) does not vanish, 

F(t,x) = (/, g){x). 

A 

As a consequence, assuming that A < 0, the solution u of (2.3) scatters in the 
Sobolev space W r,p if 

lim T e ^_ x {f,g) = T_ A -i (/,</) G 

According to Corollary 8, T_ A -i is a bounded operator on Sobolev spaces if — A -1 
belongs to BS™ S for suitable exponents. 

As an example consider b(D) = 1 — A and c(D) = \D\. Then for a(D) = 0, we get 

-Kt,vr l = (i+\t\'+\v\r l 

and 

2 ' u 

for any smooth function ip such that ip = 1 away from the set {(£,??) : ?y = 0}. In the 
case that a(D) = A, we get 

-A^r^a + ie+^r+ier + Mr 1 

and 

When the phase function A vanishes, the situation is more difficult. We refer the 
reader to [5, 6], where a more precise study has been developed to obtain bilinear 
dispersive estimates (instead of scattering properties). 

3. Proof of Theorem 1 

As we will show, Theorem 1 follows from the case corresponding to p = 5 = 0, a 
scaling argument and Lemma 6. We first need to recall the following result. 

Theorem B (Benyi- Torres [4, Proposition 1]). There exist x -independent symbols in 
BS$ that give rise to unbounded operators from L Pl x L P2 into L p for 1 < pi, P2,p < 
oo, i = ^ + ^. 

' V Pi P2 

Proof of Theorem 1. Fix 5, p,Pi,P2,P as in the hypothesis. Suppose, on the contrary, 
that T a is bounded from L Pl x LP 2 into L p for all a G BS .. 

Consider an ^-independent symbol a G BS° p5 and, for multi-indices /3,7, set 



C p „{a):= sup 1^(6,^)1(1 + \d\ + \v\y m+h]) - 
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For A > define oa(£, rf) := cr(A£, A77) , £, r\ G IR n . Then, for all multi-indices (3, 7 and 
< A < 1, we have 

\d^a x (^r,)\ = X^\d^a(X^X V )\ 

< A (i-p)(i^i+io'i) C . /3/y(cT)(1 + + \ v \)-pm+\-y^ 

giving 

(3.4) C p „{a x ) < Xt-tiW+MCpnia). 

Let /, g G S and define f\(x) := / (f ) and ^a(^) :=g(f),iG IR n . Then 

Jm. 2n 

</R 2 " 

= T ax (f x ,g\)(Xx). 

Let G No be given by Lemma 6 for the class BS° p5 and, without loss of 

generality, assume K = N. Then using that ||o"a||atjv = sup Cp yl (a\) ) , \ 
— + — , and (3.4), we obtain 

||r CT (/,#)|| LJ , = ||T CTa (/a,^a)(A-)|| L p = A"? \\T ax {fx,gx)\\ LP 
< X'p sup C^ jT (cr A ) UxWlpx \\g\\\ L P2 

\l/3|.l7l<JV / 



n r n 1 to 



< 



A » *i "2 ( sup C^, 7 ((7a) ) ||/|| LP1 ||^|| iP2 
M7l<iV 

sup xV-MM+MCfofr) ) H/IU 



and letting A — > 0, it follows that 

(3.5) WTMMv £ Cojaia) \\f\\ LP1 \\g\\ LP2 f e ZS*,ge L p \ 

However, (3.5) cannot be true since this contradicts Theorem B. Indeed, take o G 
BSq o ^-independent such that T a is not bounded from L Pl x L P2 into L p and let <p be 
an infinitely differentiable function in IR 2n supported in | (£, 77) | < 2 and equal to one 
on \(£,rj)\ < 1. For each e > 0, set <T e (£,rj) := (p(e£,er))(T(l,r)). Then a E G BSj )4 (R n ) 
and Co t o(a s ) < 6*0,0(0") for all e > 0. If (3.5) were true we would have 

\\T a ^f,g)\\ LP < C 0fi (a) \\f\\ LP1 \\g\\ LP2 f,geS, for all e > 0. 
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As e 0, T ae (f,g) —7- T a (f,g) pointwise; this and Fatou Lemma yield 
\\Ta{f,g)\\ L p < C Qfl (a) \\f\\ LVl \\g\\ LP2 f, g eS, 

a contradiction. 

□ 

4. Proof of Theorem 2 

4.1. Preliminary results. We will use the following results in the proof of Theo- 
rem 2. 

Theorem C (Symbolic calculus, Benyi-Maldonado-Naibo- Torres [2]). Assume that 
< 5 < p < 1, 6 < 1, and a G BS™ S . Then, for j = 1, 2, T* j = T a *j, where 
a* j G BS™ S . Moreover, if0<5<p<l and a G BS™ S , then a* 1 and a* 2 have 
explicit asymptotic expansions. 

Theorem D (Michalowski-Rule-Staubach [24, Theorem 5.5]). Let < 8 < p < 1, 

5 < 1, 1 < pi,p 2 ,P < oo, J = ^ + i and 

m<n(p- 1) max{§, (J - §), (£ - §), (| - *)}. 
If c E BS™ S , then there exist K, N G N snc/i £/ia£ 

II^(/,»)IIlp ~ Ikll^iv ll/lli^ II^IIlm • 

Set m(p 1 ,p 2 ) = n(p - 1) max{^, (|- - |), - |), (| - ^)} and note that, when 

p > 1, we have m(pi,p 2 ) = n(p — l)max{^, i — , (1 — -)}. Referring to Figure 1, 

we then have that m(p 1 ,p2) = n(p — l)i and m(pi,p 2 ) = n(p — 1)(-^ — |) in 

region J, m(pi,p 2 ) = n(p — 1)-^- and rh(pi,p 2 ) = n(p — 1)(-^- — |) in region II, 

m(pi,p 2 ) = n(p — 1)(1 — i) and m(pi,p 2 ) = n(p — 1)(| — |) in region III, and 

m(pi,p 2 ) = m(pi,p 2 ) = n(p — 1)| in region IV! Then m < m in regions I, II and 
III, and therefore the Banach case of Theorem 2 is an improvement on Theorem D. 

In the non-Banach case {p < 1), we will use bilinear Calderon-Zygmund theory 
to get the boundedness results stated in Theorem 2. Indeed, we have the following 
result: 

Theorem 10 (Bilinear Calderon-Zygmund operators). Let 0<5<p<l,<5<l, 
< p, and set m cz := 2n(p — 1). If o E BS™ S and m < m cz , then T a is a bilinear 
Calderon-Zygmund operator. As a consequence, the following mapping properties 
hold true for 1 < p x , p 2 < oo, \ < p < oo, i = ^ + i; 

(i) if 1 < Pi, p 2 , then there exist K, N G No such that 

\\Ta(f,g)\\ LP < \W\\ K>N \\f\\ LP1 \\g\\ LP2 , 

where L Pl or L P2 should be replaced by I^° (bounded functions with compact 
support) if pi = oo or p 2 = oo, respectively; 
(ii) if p\ = 1 or p 2 = 1, then there exist K, N G N such that 

ll T a(/,5')|| L p, c < h\\ K>N \\f\\ LP1 \\g\\ L P 2 , 
where L Pl or L P2 should be replaced by I£° if p 1 = oo or p 2 = oo, respectively; 
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(Hi) there exist K, N G N such that 

BMO ~ IMIi^TV ll/lli 00 llfi'lli 00 

for f,ge 

(iv) weighted versions of the above inequalities (see Section 9). 

The results of Theorem 10 are consequences of the following estimates for the kernel 
of T a . 

Theorem E. Let a G BS™ 5 , 0<p<l,0<5<l,meR, and denote by JC(x, y, z) 
the distributional kernel of the associated bilinear pseudodifferential operator T a . For 
x,y,z G M. n , set 

S(x, y, z) = \x — y\ + \x — z\ + \y — z\. 

(i) Given a, [3, 7 G Nq, there exists No G No such that for each I > Nq, 

sup S(x,y,z) l \DZD$W z ]C{x,y,z)\ < oo. 

(x ,y ,z):S (x,y ,z)>0 

(ii) Suppose that o has compact support in (£, rj) uniformly in x. Then K is smooth, 
and given a, /3, 7 G Nq and N G No, there exists C > such that for all 
x,y,z G lR ra with S(x, y, z) > 

\D^D2JC(x, y,z)\< C(l + . 

(^mj Suppose that m+M+2n < for some M G No. Then K, is a bounded continuous 
function with bounded continuous derivatives of order < M . 

(iv) Suppose that m + M + 2n = for some M G N . Then there exists a constant 
C > such that for all x,y,z G lR n with S(x, y, z) > 0, 

sup \D^ y DJ!C(x,y,z)\ < C\log\S{x,y, z)\\. 

\a+/3+-y\=M 

(v) Suppose that m + M + 2n > for some M G N . Then, given a, {3, 7 G Nq, t/iere 
exists a positive constant C such that for all x,y,z G M n S"(x, y, z) > 0, 

sup \d°dPd%)C(x,y,z)\ < CS(x,y,z)^ rn+M+2n ^ p . 

|a+^+7|=M 

(vi) Suppose thatm+e+2n > for some e G (0, 1). Then, there exists a positive con- 
stant C such that for all x, y,z,u G W 1 with S(x, y, z) > and \u\ < S(x, y, z), 

\fC(x,y,z) -JC(x + u,y,z)\ + \JC(x,y,z) - fC(x,y + u, z)\ 

+\!C(x,y,z)-K:(x,y,z + u)\ < C\u\ e S{x,y,z)- {m+£+2n)lp . 

All constants in the above inequalities depend linearly on \\o~\\ K N for some K, N G No- 

We refer the reader to [2, Theorem 6] for the proofs of items (i)-(v) in Theorem E. 
Item (vi) corresponds to the "Holder" version of item (v), its proof is analogous and 
relies on estimates for linear kernels as presented in Alvarez-Hounie [1, Theorem 1.1]. 
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Proof of Theorem 10. It is enough to prove the result for a G BS™ S and m such that 
2n(p — 1) — t < m < 2n(p — 1) = m cz for some small positive number t. Denote 
by )C(x,y,z) the distributional kernel of the associated bilinear pseudodifferential 
operator T a . Using that BS%g C BS™$% part (v) of Theorem E applied to BS™/ 
yields, with constants depending linearly on ||o"||j V - JV for some N G N , 

\JC(x lVl z\\< ' 



~ ^x — y\ + \x — z\ + \y — z\) 2n 



while part (vi) gives, again with constants depending linearly on ||o"|| J yj V for some 
N G N , 

\£(?,y, z) - fC(x + u,y,z)\ + \fC(x,y,z) - JC(x,y + u,z)\ 
+\JC(x,y,z) -K(x,y,z + u)\ < 





u 


e 


(\x-y\ 


+ 


x - 


■ z 


1 + 


y - z\) 2n+e 



where \u\ < \x — y\ + \x — z\ + \y — z\ and e G (0, 1) has been chosen such that 
(m + 2n + e)/p = 2n + e (which is possible since 2n(p — 1) — t < m < 2n(p — 1) for 
small enough t > 0). Moreover, since m < m cz < n(p — l)/2, Theorem D yields that 
there exists iV G N such that T a satisfies 

ll^(/,^)|| L i < \W\\ n ,n \\f\\& hWv ■ 

We then conclude that T a is a bilinear Calderon-Zygmund operator for which the 
corresponding boundedness properties follow (see [15]). □ 

4.2. Proof of Theorem 2. With these preliminary and technical results, we are 
now ready for the proof of our main result in this section. 

Proof of Theorem 2. We first prove the theorem for pi = p 2 = p = oo, in which case 
m(pi,p 2 ) = n(p — 1). Let m < n(p — 1), < 8 < p < 1, 8 < 1. Let {i^j}j^n be a 
partition of unity on IR 2n , 

oo 

£^•(£,77) = 1, ^er, 

3=0 

such that is supported in {(£,77) G R 2n :\(£,rj)\< 2} and 77) = V<2" j £, 2" J 'r/), 
for some ^ G C£°(M 2n ) supported in {(£,77) G M 2n : |(£,r/)| ~ 1} for j G N. We 
decompose the symbol a(x, £, 77) as 

00 
j'=o 

where aj(x,£,,r)) := cr(:c, £, 77)^(6, 77). Then ||(Tj||o,w < Ikllo.jv for all iVeNo and, by 
Lemma 11 (see Section 6), 

\\T ff Af,g)\\oo < \Wh2N^ m+n{1 ^ )) \\f\\ L o \\g\\ LO o, j g N 0) N > n, K G N . 
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Therefore 

oo oo 

\\TM9)h- <J2WW9)\\oo< lk||o, 2 iv^2^ m+ "( 1 -^||/|| Loo ||^|Uoc 

3=0 j=0 

^ |M|o,2iV II/IU 00 IMU°°; 

where we have used that m < n(p — l). This proves the theorem for pi = p 2 = P = 00. 
Note that the proof shows that there is an extension of T a that is bounded from 
L°° x L°° into mainly 

00 

T a (f,g) = Y,T^(f,g) 
i=l 

where 

Ta 3 (f,g)(x)= / fCj(x,x - y,x - z)f(y)g(z)dydz, 
Jm. 2 ™ 

with 

JCj(x, y,z)= / <Tj(x, £, 77) e^ y e iri ' z d^drj, x,y,ze R n . 

JR 2 " 



We now proceed to prove the theorem in the general case. We recall that the 
boundedness properties in Lebesgue spaces for operators corresponding to the class 
BS® S for < 5 < 1 are well-known (see introduction); therefore we will work with 
p < 1. Moreover, since BS™ S C BS™ p for 5 < p, we will assume 5 = p, < p < 1. 
Define on BS^p x L Pl x L P2 the trilinear operator T given by 

T(aJ,g):=T a (f,g). 

In the following we will use the notation T : BS^ x X x Y — > Z to express the fact 
that T maps continuously from BS™ p x X xY into Z : there exists iV G No, possibly 
depending on m and p, such that 

\\T(<7,f,g)\\ z £ \W\\n,n WfWx \\9\\y > 
for all a G BS% p , feX,geY. 

We first prove (i) (case p > 1). The case p\ = P2 = p = 00 proved above and 
Theorem C yield 

. T : BS™ p xL°° x L°° -> L°° for m < n(p - 1) (point (0, 0) in Figure 1), 
. T : BS™ p x L 1 x L°° — )■ L 1 for m < n(p - 1) (point (1, 0) in Figure 1), 
. T : BS™ p x L°° x L 1 -> L 1 for m < n(p - 1) (point (0, 1) in Figure 1). 

Moreover, by Theorem D we have 

. T : BS% p x L 2 x L 2 -> L 1 for m < § (p - 1) (point (±, |) in Figure 1), 
. T : BS™ x L 2 x L°° ->• L 2 for m < | (p - 1) (point (|, 0) in Figure 1), 
. T : x L°° x L 2 -> L 2 for m < | (p - 1) (point (0, §) in Figure 1). 
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Figure 1. Value of m(pi,p2) as given by Theorem 2 

We now recall the following modified version of the bilinear Hormander classes (see 
Section 2.1): 

BS™ p ,n,n ■= Mx,^ri) E C N (R 3n ) : \\a\\ N , N < oo} 
where N G N and, as always, 

\\a\\ NN := sup sup |G>-6>|^cx(x j e,^)l(l + 1^1 + Iryl)— ^l-l^^l+H). 

\a\<N x,t,ri£R n 
W\,h\<N 

Since BS™ p is dense in BS^x N , the above mentioned endpoint results also hold if 
BS™ p is replaced with BS™ p 

n n f° r l ar g e enough N possibly depending on p and m. 
Lemma 7 and trilinear complex interpolation (see the book of Bergh and Lofstrom [7, 
Theorem 4.4.1]) then yield the thesis of the theorem for p% and P2 such that (^-, i) 
is on the border of the triangle with vertices (0, 0), (0, 1) and (1, 0). 

The result for p\ and P2 such that (-y, ^) is in the interior of the triangle follows 
by bilinear complex interpolation since, as shown in Figure 1, m(pi,p2) is constant 
along horizontal segments in region /, m(pi,p2) is constant along vertical segments in 
region //, m(pi,p2) is constant along diagonal segments in region III and m(pi,p2) 
is constant in region IV. 

We now prove (ii) and (iii) (case p < 1). Here we have to assume p > 0. Theorem 10 
yields 

T : BS r p n p x I 1 x I 1 -> L2<°° f or m < 2n(p - 1) (point (1, 1) in Figure 1), 
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which together with the boundedness properties at the points (1, 0) and (0, 1) in 
Figure 1 (as stated above), Lemma 7, and trilinear complex interpolation gives that 

T : BS™ p x L Pl x L P2 — >■ L p,oc , m<m(p u p 2 ), 

for ( — , — ) on the segments joining the points (0, 1) to (1, 1), (1, 0) to (1, 1), and (|, \) 
to (1, 1), in Figure 1. This gives Part (iii). 




Figure 2. Case p < 1 of Theorem 2 

For Part (ii) consider the shaded triangle as indicated in each case presented in 
Figure 2. The value m(pi,p 2 ) is constant, say m, on the upper border of this triangle, 
which is given by two segments with equations m = n(p — l)(2/pi + l/p 2 — 1) (inside 
triangle with vertices (1, 1), (|, |), and (1, 0)) and m = n(p—l)(2/p 2 + l/p 1 — l) (inside 
triangle with vertices (1, 1), (^, |), and (1, 0)). Then Part (ii) follows by bilinear real 
interpolation using the weak type estimates obtained above for the vertices of the 
shaded triangle. 

□ 

Remark 4.1. We note that the proof of Theorem 2 given for the case pi = p 2 = p = oo 
does not require any assumptions on the derivatives of the symbol o in the space vari- 
ables. This particular result is included in [24, Theorem 3.3], which yields bound- 
edness properties in Lebesgue spaces of bilinear pseudo-differential operators with 
rough symbols in the space variables as a consequence of \T a (f,g)\ being pointwise 
bounded in terms of the Hardy-Littlewood maximal operator evaluated at / and 
g. For completeness, we have provided another proof of the case p\ = p 2 = oo of 
Theorem 2 following the arguments of the corresponding linear result in [20]. 

5. Proof of Theorem 3 

In this section we continue to use LP and || • \\lp to denote the Lebesgue space 
L p (M. n ) and its norm, respectively. Sometimes it will be necessary to make explicit 
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the variable of integration, say integration with respect to x, in which case we employ 
the notation || • Hlp^)- 

Proof of Theorem 3. Without loss of generality we may assume that the symbol a has 
compact support in the frequency variables £ and rj. Otherwise, define a e (x,^,r]) : = 
(p(e £,,erj)a(x,£,,ri), where ip is a smooth function compactly supported in 5(0,1) 
such that < <p < 1 and y?(0,0) = 1. It easily follows that C(cr e ) < C(a) and that 
lim £ _>.o Tcr £ (f, g) = T a (f, g) pointwise for / and g belonging to the class U of functions 
whose Fourier transforms are in C^°. Assuming the result for symbols of compact 
support, by Fatou's lemma, 

\\T a (f,g)\\ L2 <lhnM\\T ae (f,9)\W<C{a) H/IMMU', 

for f,g G IA. Since U is dense in L 2 the desired result holds for non-compactly 
supported symbols as well. 

Suppose first that cr is x-independent and define r(£, rf) := er(x,£, rj). Then 



T T (f,g)(0 = / m-v)g(v)r^-v,v)dv, 

and the Cauchy-Schwarz inequality yields 

\TAfTg)(0\ <( f {fit - V)\ 2 \9(V)\ 2 dvY sup ||r(£ 



Integrating in £ and using Plancherel's theorem it follows that 

(5.6) \\TAf,g)\\v < \\fh4g\y su P ||r(£- V )IU», 



which implies the desired result. 

Next, we continue working with an x-independent symbol r(£, 77) in order to get 
estimates that will be useful later for x-dependent symbols. Let $ be a smooth 
function compactly supported in -6(0, yfn) such that < $ < 1 and 

For a function h defined in M. n and I G Z n , we set hi(x) := $(x — l)h(x). We will show 
that for every N G N 

(5.7) ||*(--QTr(/,0)IU>< sup ||^r(e-v)lk £ m 1^¥^T7^V ' 



for all Z G Z n and with constants independent of r, /, / and g. 
We have 

${x-l)T T {f,g){x)= £ $(x-/)T T (/,,^)(x), XGM", 
and therefore (5.7) will follow from the estimate 

(5.8) \M--l)T T (f j:9k )\\ L2 < sup ||^-.,.)H tf - l ,' /jlU ; ll ^! lL2 ,„ j v 

csr" s (1 + / — 7 + u — k \) 

|a|<2JV V 1 17 
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Fix I G Z n . When j, k E Z n are such that \l-j\ + \l-k\< 10, we apply (5.6): 
\M--l)T T (f j ,g k )\\ L2 <\\T T (f j ,g k )\\ L2 



< 



sup || r(£ — • 
< sup ||r(£- -,-)|| L 2 



l 2 II /ilk 2 II 9k\\ L i 

\\fj\\i?\\9k\\i? 



\ N ' 



(l + |/-j| + |/-A;|y 

for every integer iV and therefore (5.8) holds. 

We now consider j and k such that \l — j\ + \l — k\ > 10 and, without loss of 
generality, we assume that \l — j\ > \l — k\. Then 



T T (fj,g k )(x) 



T(^,T])d^dr] fj(y)g k (z)dydz 



{i-Ae)»T(t,r,)dZdn 



n \ .1 lEMra 



fj{y)9k{z) dydz 
(1 + \x-y\ 2 ) N 



T 2n ((l-A,fr)(y-x,z-x^ {y)9k{z)dydZ 



(l + \x-y\ 2 ) 



N 



where T 2n denotes the Fourier transform in IR 2n . Multiplying by $(x — V) and using 
the Sobolev embedding W p ' 2 C L°° for any P > n/2, by fixing x E M n , it follows 
that 

Mx-l)T T (f„g k )(x)\ 



^ sup 



Ha -I) j T 2n ((l - As) N r)(y -x,z-x) ^ f ty 9h ^ v dych 



^ sup 

\0\<p 



(l + \a-y\*)» 

7" 2 „((1 - A^ N r)(y -x,z-x) (d^% N )(a,y) fj(y)g k (z)dydz 



L 2 (da) 



where ~/ l N (a,y) := 



(l+|a-j/| 2 )^ 

||$(--/)T r (/„^)|| L2 



. Therefore, 



^ sup 

|S|<p 



sup 

\0\<P 



T, 



T 2n ((l - A^ N r)(y -x,z-x) (d^i jN )(a, y) fj(y)g k (z)dydz 
$(a-l) 



L 2 (dadx) 



(1 + |a 

Applying (5.6) to X^i-a^t) then yields 
\m--l)T T (f j ,g k )\\ L2 



2\N 



fj(-),9k(-) {x 



L 2 {dadx) 



<sup ||(l-A^r(e--,-)llL 2 sup 

\0\<p 



$(a-0 



<su P n(i-A f yv(e 



U 2 



(l + \a- y \*)» 
,\\L-\\<Jk\\v 



\\9k\\ 



L 2 



L 2 (dady) 



(i + K-il 2 ) 



2W ' 
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giving (5.8), where we have used that 



$(a - I) 



a \(l + \a-y 



2\N 



< 



1 



L 2 (da) 



y G B(j, y/n). 



Consider now an x-dependent symbol. Then 

T a (f,g){x) = U x {f,g){x), 

where 



U y (f,g)(x) : 



ix-{(,+ri) 



K 2n 



Fixing x G W 1 , I 6 Z", and using the Sobolev embedding W s ' 2 L°° for an integer 
s > n/2, we get 

\$(x-l)T a (f,g)(x)\ < sup \$(y-l)U y (f,g){x)\ 



< \\d;my-l)U y (f,g)(x))\\ LHdy) 



< 



J2\\XB(i)(y)d P y U y (f,g)(x)\\ L , 



(<*!/)> 



\P\<» 



where B(l) = B(l, y/n). Let $ be a smooth function supported in -6(0, y/n) such that 
= $. Multiplying by $(x — I), integrating in x and using Fubini's Theorem, we 
obtain 



m--i)TM,g)\\ L ^ E 



Xb{i) (y) Xb(i) (x)$(x - l)d%U y (f, g) (x) 



L 2 (dx) 



L 2 (dy) 



For each (3 G Nq, \/3\ < s, and y G M n , we look at d^U y as the bilinear multiplier 
defined by the x-independent symbol 



T, 



Then applying (5.7), which also holds if on its left hand side $ is replaced by $, we 
deduce 

\M--i)Uf,g)\\ L2 

^ V V sup sup dfr£ £--,-) L 2- - — 



|/3|<S j,fceZ" |a|<2JV 



\i-j\ + \i-k\y 



which implies 



m--l)T a (f,9)\\ L i<C(cj) £ 77 

j,fc6Z n ^ 



ll/jlU 2 ll#fclU 2 



with 



' (l + |Z-j| + |Z-fc|) 



C(cr) := sup sup \\d?dPa{y,£- -,-)\\ L 2. 

I/3|<» " 
|a|<2JV 



A? • 
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Using Holder's inequality we then obtain that 
\m--l)T a (f,g)\\ 2 L2 



~ v 7 /, , ., ., ; I \ TV /-, . 1 7 .i , it 7 i \AT • 



Choosing N > 2n, the second sum on the right hand side is finite and after summing 
over I £ Z n , we conclude that 

E \\ t *<j,9)i\\v = E n $ (- - ow,<7)fe £ c{af e u/A E 

l&Z" j&L n keZ n 

The desired result follows by taking N = 2n + 1, s = [f ] + 1, and noting that 

NI^-E.-IIM 2 - " □ 

6. Proof of Theorem 4 

The following lemmas, whose proof are included in Section 8, will be used to prove 
Theorem 4. 

Lemma 11. Let m £ R, < 5, p < 1, a £ BS™ 5 and N > n. 

(a) I/O < R < 1 and supp(cr) C {(x,£,ri) : |£| + \g\ < R} then 

< R 2n ||tr|| 0)2JV \\f\\ Loo \\g\\ Laa , / )J6 

(b) If R>1 and supp(a) C {i? < |f | + \rj\ < AR} then 

\\T.(f,9)\\»» S R {1 - p)n+m \\a\\ 0t2N \\f\\ Loa \\g\\ Loo , f, g e 

Lemma 12. Let Q dW 1 be a cube with diameter d and a £ -BS 1 ^ wrf/i m = n(p— 1), 
< 5, p < 1, stzc/i £/W 

supp(a) C {(x,£,ti) : |f| + \v\ < d' 1 }- 
Then, for every N > n, 

I^T J \To{f,g){x) - T a (f,g) Q \dx < ||o-|| 1)2iV ||/|| ioo \\g\\ LOO , f,g^S, 

with constants only depending on n, N, p and 5. Here T a (f,g)Q is the average of 
T*(f,g) overQ. 

Lemma 13. Let d > and o £ BS™ S , m = n(p — 1), < 8, p < 1, such that 

supp(cr) C {(x,£,ri) : |f| + \g\ > cT 1 }. 

Let <f) £ S, <p> 0, and supp(0) C {z £ R n : \z\ < \d~ p }. For f,g £ S, define 

R(f,g)(x) := <p 2 (x)T a (f,g)(x) - T a (<PfA9)(x)- 
Then, for every N > n, we have 

\\RU,g)\\ L °° ~ lkll 0l 2jv+i \\9\\l<*> > /> e 5 > 

wi/i constants only depending on n, N, p and S. 
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Remark 6.1. The proofs of the above lemmas show that BS™ S can be replaced by 
BS™ S02N , BS™ S12N and B S™ S02N+1 , respectively (see definition of these spaces in 
Section 2.1). 

Proof of Theorem 4. Given a G BS™ , with m = n(p — 1), we have to prove that 
(6-9) r^T J \T a {f,g)(x)-T a {f,g) Q \dx<\\f\\ Loo \\g\\ LOO , 

for all cubes Q C E" and /, g G S. 

Let Q be a cube with diameter d and assume first that d < 1. We write 

o-(x } f , rj) = o-(x, f , r])(l - 0(f , T])) + a(x, f , r/)#(£, 77) =: o"i + <r 2 , 

where : lR n x M. n — > M is a smooth, non-negative function, #(£, ??) = #((i£, c? 77) with 

supp(0) C {{£,rj) ei"xl": |e| + \ V \ > 1}, 

and = 1 in {(^,77) G R n x R n : |f| + |r?| > 2}. Since d < 1, then a u a 2 G BS™ 
satisfy 

(6-10) \Wi\\ K ,M~ IMk*> K,M eN ,j = 1,2, 

with constants independent of d and o. 

Let be as in Lemma 13, this is, G 5, > 0, and supp(0) C {z G M n : |z| < 
<i~ p /8}. In addition, we assume = 1 on Q and, in accordance with the uncertainty 
principle, we choose such that ||0||l 2 % d^ . For 2 G Q we have 

T CT (/, g)(x) = T ai (f,g)(x)+ T a2 (f, g) (x) = T ai (/, g) (x) + 2 (x)T ff2 (/, g) (x) 
= T ai (f,g)(x) +T a2 (<f ) f, ( j ) g)(x) + R(f,g)(x), 

where R(f,g)(x) = 4> 2 (x)T a2 (f, g){x) - T a2 ((j)f,(f)g)(x). 
In order to get (6.9), it is enough to prove the inequality 

(6.11) \\Ta 2 ((t>fAg)\\L^Q) ~ IMkAfcP \\f\\ L oo \\g\\ L oo , f,g&S, 

for some K, M G No- Indeed, using (6.11) and Lemmas 12 and 13, for N > n, we 
write 



Ta{f,g){x) - T a (f,g) Q \ dx 



1 




W\ 


h 

JQ 






< 






W\j 


< 


flk, 



r \q\ I 1 cr2 ItJ 5 VyyilLl(Q) T II w > "/ II L°° 
ll,2JV + \\ a 2\\K,M + II^Ho^Af+l J ll/ll L°° IMI L°° ' 

and therefore (6.9) holds when the diameter of Q is less than or equal to 1. 
In turn, (6.11) will follow from 

(6.12) \\T a2 ((f)f,(f)g)\\ L2 < ||<7 2 |k,M^ \\f\\ L oo \\g\\ LOO , f,gES, 

since 

|| T a2 (4>f,4>g)\\ Ll (Q) < j^j^ \\T a2 (4>f,4>g)\\ L2{Q) < \\T a2 (4>f, 4>g)\\ L2 . 
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Moreover, because satisfies \\4>\\l 2 i$ , (6.12) can be reduced to proving that 
(6.13) 11^11^x^2 < \\a 2 \\ KM d^- pn . 

By Theorem 3, the support of 02, and the fact that er 2 G BS™ with m = n(p — 1) 
and < p < |, we obtain 

||T ff2 || L 2 Xi 2^ L 2 < sup sup ||<9^^a 2 (i/,^ - -,-)IU 2 

l/s|<[§]+i j/^eK" 

|«|<2(2n+l) 

< SUp \\X{\t-r,\+\r,\>d-l}(t,,V) (1 + 1^-^1 + \v\) m llLHdr,) 

< \\<T2\\k,m ( [ \v\ 2m dv) ' + ( [ d- 2m d V ) ' 

\J\n\>dr x J \JH<d- x J 

< ||0-2|k,M^ m_ ^ = |k 2 ||x,M^ _Pn , 

where we have taken K — [~] + 1 and M = 2(2n + 1). 

The case d > 1 follows using the decomposition of a with 6 = 8 and then proceeding 
analogously but applying to the term corresponding to T ai Lemma 11 instead of 
Lemma 12. □ 



7. Proof of Theorem 5 

For s > 0, we recall the bilinear fractional integral operator of order s > 0, intro- 
duced in Kenig-Stein [21], defined by 

(™) ^/.'IW^lfJ^p* 
It easily follows that 

Uf,9)W < IsM(x), * e W 1 , s 1 + s 2 = s, 

where 

T r( h )( x ) = I | h{V l T dy, 0<r<n, 

Jm." \ x — y\ 



is the linear fractional integral. The boundedness properties of I T , < r < n, 
and Holder's inequality imply that X s is bounded form L P1 x L P2 into L p with - = 

i + i _ ^' < s < 2n > 1 < Pi' ^2 < oo, g > 0. 

We now observe that if a G BS™ S , m < 2n(p — 1) — ps, < s < 2n, then part (v) 
of Theorem E implies that 

(7-15) |T,(/ )9 )(x)| < \T s {Lg){x)\. 



Therefore Theorem 5 follows from this inequality and the boundedness properties of 
X s . The case p = 1 of Theorem 5 was treated in [8] . 
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8. Proof of lemmas from Section 6 
Proof of Lemma 1 1 . We have 



(8.16) T a (f,g)(x)= I K(x,x -y,x - z)f(y)g(z)dydz, 

where 

JC(x,y,z) = I e^ye^ z a^^v)^dr ] = ^ n \a(x,;-))(y,z), 



and Tm denotes the inverse Fourier transform in M. 2n . Then, it is enough to show 
that for N > n, N e N , 



(8.17) sup / \K(x,y,z)\dydz < R 2n \\a\ 

X&R n JSL 2n 



0,27V • 



and 



(8.18) sup / \K(x,y,z)\dydz<R^ n+m \\a\\ 02N . 

for part (a) and part (b), respectively. (Note that this allows to extend T a to a 
bounded operator form L°° x L°° into L°° by using the representation (8.16) to 
define T a (f,g) for f,g <E L°°). 

Since a is a smooth function with compact support in £ and rj we have 

(8.19) (1 + \(y,z)\ 2 ) N )C(x,y,z) = [ a{x,Z,rj) (1 - A e - A v ) N (e^ e^) d£d V 

= [ (l-ArA/Ki,^))^^"' 2 ^ 

JR 2n 

= T£((l-Az-A v ) N (a(x,;.)))(y,z), 

and similarly, 

(8.20) \(y,z)\ 2N ]C(x,y,z)=T^((-A i -A ri ) N (a(x,.,-)))(y,z). 
For part (a), we use (8.19) and that R < 1 to get, 

R 2n \\a\ 



0,27V 

~ (l + \(y,z)\^ 



\K{x,y,z)\ < 

and then (8.17) follows since N > n. 
For part (b) we write 

|/C(x, y, z)\ dydz = / \K.(x,y, z)\ dydz + / \K,{x,y,z)\dydz. 
-■:->■ J J 

\y\+\z\<R~P \y\ + \z\>R~P 
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Let us now estimate the first integral. By Cauchy-Schwarz inequality, Plancherel's 
identity and the fact that R > 1, we have 

2 



\[»[+|i|<«- 



\ 



\]C(x, y, z)\ dydz 



J 



\JC(x, y, z)\ 2 dydz 



\y\+VA<R~ 



\cr{x,£,T))\ 2 d&V 



l£l+M~-R 



II IM 

% Ikllo 



R- 2pn J (l + KI + |r/|) 2m ^ 



I€[+[»|[~-R 



< llcrll 2 R~ 2pn R 
~ ll u II o,o 



2m+2n _ II ||2 p2((l-p)n+m) 

~~ H a llo,o n 



Next, we estimate the second integral. Multiplying and dividing by \(y, z)\ 2N , and 
using the Cauchy-Schwarz inequality, that N > n, (8.20), Plancherel's identity, and 
that R > 1, it follows that 



\\y\+\z\>R- 



\ 



\JC(x, y, z) \ dydz 



< 



J 



1 



\ 



\y\ + \z\>R-P 
( 



■IN 



dydz 



\ 



\\( y ,z)\ m JC(x, y ,z)\ 2 d y dz 
\\y\+\z\>R- p J 
<RP(^) J |(_A € - A r/ ) Jv a(a;,e,r/))| 2 ^ 



< II rr II 2 Dp(4JV-2n) 
~ 11° II 0,2JV 



;i + lei + M) 2(m ~ p2JV) <w 



ISI+hl~-R 



< II II 2 c>p(47V-2n) o2(m-p2N+n) 
~ H a ll0,2Af 

- Ilrrll 2 E>2((l-p)n+m) 
~~ 11° llo,2JV 

The last two computations give (8.18). □ 
Proof of Lemma 12. Let Q, d, N, m and a be as in the hypothesis. By definition, 

T.(f,g)(x)= [ aix^^fim^e^^d^drj, f,geS. 

</R 2 ™ 

Hence, for a fixed j = l,...,n, the bilinear symbol r = r(x, £,77) of the bilinear 



operator 



is given by 



da 
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Then symbol r is also supported in {(x, £, rj) : |£| + \q\ < dT 1 } and r G BS™$~ S . 
Elementary computations show that for K, M E N , 

(8.21) \\t\\k,m < max(l, cT 1 ) \\a \\ K+ljM , 

where ||t|| xm corresponds to a norm of r as an element of BS™^~ S } while ||c||x+iAf 
corresponds to a norm of a as an element of BS™$. Then 



f \T a (f,g)(x)-T CT (f,g) Q \dx=^- [ [ (T a (f, g)(x) - T a (f, g)(y)) 
Jo M Jo Jo 



dx 



dy 

IQ JQ 

<d\Q\ \\VT a (f,g)\\ LOO <d\Q\ ||r T (/,0)|| Loo 
< d\Q\ min(l,d- 2n ) ||r|| 0j2JV \\f\\ Lao \\g\\ LOO 
<\Q\ IMI 1|2 jmU IMU (by (8.21)), 
where we have used Lemma 11. The result follows. 

□ 

Proof of Lemma 13. Let d, N, m, <fr and a be as in the hypothesis. We notice that 
the bilinear symbol 8(x, £,??) of R is given by 

9(x, e,»7) = / z lX ' [y+z) K*, £, V) - Z + V,V + z)) Hy)4>(^) dy dz. 
Jm 2n 

We first assume that d < 1 and note that supp(#) C {(x,£,,r]) : |£| + \r]\ > ^d^ 1 }. 
Consider a partition of unity of IR 2n given by {ipk}kmcn 

where ip G 5(lR 2n ) is supported in the set {(£, rj) : |£| + \r]\ < 2d 1 } and ipki^v) = 
ip(d2~ k £,d2- k r]) with V G S{R 2n ) and supp(^) C {(^, 77) : 1/2 < |f| + < 2} for 
k > 1. Then supp(-0fc) C {(£,??) : |£| + \rj\ ~ 2 fe <i~ 1 } for A; > 1 and 

k>0 

where #&(£,£, 77) := 9(x,£,,rj)ilik{£,v)- We will show that for all integers M, k > 

( 8 - 22 ) ll e fello,M ~ 2_pfe lkllo,Af+l ' 

with constants depending only on M, n, p, and 5. 

Define Rk as the bilinear pseudo-differential operator with kernel 9k- The lemma 
will follow from (8.22). Indeed, 



\\R(f,g)L~<J2 \\R*<J,g)\\u- ££11**11 0,2V II/IIl°° IMIl°° (by Lemma 11) 

fc>0 fc>0 

<E 2 ^ IMIowi Wfh- IMU (by (8.22)) 

i>0 

l°"llo,2v+i IMIl°° • 



fe>0 

< 
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To prove (8.22), consider multi-indices (3 and 7 such that \(3\, \j\ < M. Since 

£, 77) = / e ia>(y+z Vfc(£, V) £, rj) - a(x, £ + ?/, 77 + z)) }(y)}{z) dy dz, 

</R 2 ™ 

we have 

(d?d]9 k ) (^£,77) = C ^ (^""flTV) (d2-%d2- k V )(2- k d)^ + ^ 

\<~t,u}</3 

x / ${y)j){z)e ix <^ ((^V)(x,£,r/) - (<9^V)(z,£ + y,rj + z)) dydz. 

The mean value theorem gives 

{<%d*a)(x,Z,r)) - {d%d*a)(x,Z + y,r] + z) = {V^V v d^a)(x,lfj) ■ (y,z), 

where (£,77) = (£,77) + s(y,z) for some s G (0,1). Since a G BS™ S , for (£,77) G 
supp(^) n supp(0) and y, z G supp (</>), we then have 



< 



< 



0,M+1 



0,M- 



;i+i£i + ir7ir~ p(H+|A|+1) i(y^)i 

-i(l + l£i + ir7|) m - p(M+|A|+1) i(7/^)i, 



where we have used that |£| + \fj\ ~ |£| + \rj\, since |£| + \rj\ ~ 2 fc <i 1 and |y| + \z\ < 
d~ p /4 < d~ l /4. Putting all together, and using again that 2 k dT x > 1, d < 1, and 
l + |£| + |r7|~|£| + |r/|~2 fc rf- 1 , 

|^ fc (*,£,r/)| < ||a|| 0)M+1 (1 + |£| + Ir/ir-^l+l^l + 2 fc cT 1 )-" 

x ^ (2" fc rf) (1 ~ p)(l7 ~ A|+l,3 ~ a;|) 

A<7,^</3 

< NIo,m + i (1 + ICI + |77ir-^ + ^2-^ 
which gives (8.22). □ 
If d > 1 then we split 9 as 

= 01 + 02, 

where supp($i) C {(£,7/) : |£| + \r}\ < 2} (note that in the case rf > 1 we also have 
|y|, |z| < d~ p /8 < 1/8) and supp(0 2 ) C {(£,77) : |£| + |r/| > 1}. A similar reasoning 
as above shows that ||0i||o,m ^ ||c||o,Af+i- We then apply Lemma 11 to the bilinear 
pseudo-differential operator with symbol 6\ and reduce the analysis of 6 2 to the case 
d=l. 



9. Weighted results 

Given a weight w defined on R n and p > 0, the notation LP W will be used to refer 
to the weighted Lebesgue space of all functions / : lR n — > C such that ||/|| £ p : = 
J R „ \ f(x)\ p w(x) dx < 00, when w = 1 we will continue to simply write LP and ||/|| LP , 
respectively. 
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If Wi, w 2 are weights defined on IR n , 1 < pi, p 2 < oo, q > 0, and w := wf pl w^ P2 , 
we say that (wi,w 2 ) satisfies the A( PljP2 ^ g condition (or that (wi,w 2 ) belongs to the 
bilinear Muckenhoupt class ^4( Pl , P2 ), g ) if 

[(wi,w 2 )]a (pi , P2)i , := sup (j^j J^w{x)dx} JJ J^Wjix) 1 '^ dx) ^ < oo, 

where the supremum is taken over all Euclidean balls Z? C M n ; when pj = 1 

i 

(p| fB w i( x y~ Pj dx^ Pj is understood as (inf^Wj) -1 . 

The classes A(p 1)P2 \ q are inspired in the classes of weights A PyQl 1 < p, q < oo, 
defined by Muckenhoupt and Wheeden in [26] to study weighted norm inequalities 
for the fractional integral: a weight u defined on W 1 is in the class A p >q if 

up dx] ( —— [ u^~ p dx | < oo. 



sup _ 

B VRl ./b / VRI B 

The classes A(p uP% )^ for 1/p = 1/pi + 1/^2 were introduced by Lerner et al in [22] 
to study characterizations of weights for boundedness properties of certain bilinear 
maximal functions and bilinear Calderon-Zygmund operators in weighted Lebesgue 
spaces. Likewise, as shown by Moen [25], the classes A( PltP2 ^ q characterize the weights 
rendering analogous bounds for bilinear fractional integral operators . 
Theorem 10 and [22, Corollary 3.9] imply the following result. 

Corollary 14. Let < 5 < p < 1, 5 < 1, < p, m cz = 2n(p — 1), 1 < pi, p 2 < oo 

and p given by ^ = ^~ + Suppose a G BS™ S , m < m cz , (wi,w 2 ) satisfies the 

A( P i,p 2 ),p condition and w = w[ w^ 2 . 

(a) If 1 < Pi,p 2 < oo then there exists K, N G No such that 

\\T*(f,g)\\ L l < \W\\k,n II/IL*\IMIl£|- 

(b) If 1 < pi,p 2 < oo and p\ = 1 or p 2 = 1 then there exists K, N G No such that 

\\T(f,g)\\ L %°° ~ IMkiv H/ILsJMI^v 

Inequality (7.15) and [25, Theorem 3.5] yield the following: 

Corollary 15 (Weighted version of Theorem 5). Let < 5 < 1, < p < 1, sG 

(0,2n) ; and m s := 2n(p - 1) - ps. If a E BS™ S , m < m s , and \ = ± + i - ±, 
1 < pi,p2 < oo, i/ien i/iere exzsi nonnegative integers K and N such that 



\\T„{f,g)\\ L i < \W\\ k ,n Wf\\ L l\ IMIi» , 
for w := w^ Pl w^ P2 and pairs of weights (wi,w 2 ) satisfying the ^4( Pl , P2 ),g condition. 



These classes were denoted by Ap in [22], with P = (pi,p2) determining 1/p = l/pi + l/p2- 
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